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Abstract. In this paper, we derive eight basic identities of symmetry in three 
variables related to generalized Euler polynomials and alternating generalized 
power sums. All of these are new, since there have been results only about 
identities of symmetry in two variables. The derivations of identities are based 
on the p-adic fermionic integral expression of the generating function for the 
generalized Euler polynomials and the quotient of integrals that can be ex- 
pressed as the exponential generating function for the alternating generalized 
power sums. 



1. Introduction and preliminaries 

Let p be a fixed odd prime. Throughout this paper, Z p , Q p , C p will respectively 
denote the ring of p-adic integers, the field of p-adic rational numbers and the 
completion of the algebraic closure of Q p . Let d be a fixed odd positive integer. 
Then we let 

X = X d = limZ/dp N Z, 
ft 

and let n : X — > Z p be the map given by the inverse limit of the natural maps 

Z/dp N Z -> Z/p N Z. 

If g is a function on Z p , we will use the same notation to denote the function g on. 
Let x '■ (Z/dZ)* — > Q be a (primitive) Dirichlet character of conductor d. Then it 
will be pulled back to X via the natural map X — s- Z/dZ. Here we fix, once and 
for all, an imbedding Q — > C p , so that x lS regarded as a map of X to C p (cf. [8]). 

For a continuous function / : X —> C p , the p-adic fermionic integral of / is 
defined by 



' x 

Then it is easy to see that 



. dp" -i 

/ f(z)d^(z)= lim ]T /(i)(-l) 



(1.1) / /(z + l)d/i_ x («)+ / f(zW-i(z) = 2/(0). 

Jx Jx 

More generally, we deduce from (jl.ip that, for any odd positive integer n, 
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(1.2) / f(z + n)d^ 1 (z)+ /(z)d M _ 1 (z) = 2V(-l) a /(a), 

Jx Jx a=0 

and that, for any even positive integer n, 

r. r. n—1 

/ f(z + n)dii-i(z)- /(z)^_ 1 (z) = 2^(-l) a - 1 /(a). 

JX JX n 



Let | | j, be the normalized absolute value of C p , such that \p\ p = -, and let 

(1.3) E={teC p | |t| p <p-^r}. 

Then, for each fixed t G E, the function e zt is analytic on Z p and hence considered 
as a function on X, and, by applying Q1.20 to / with f(z) — x(z)e 2t , we get the p- 
adic integral expression of the generating function for the generalized Euler numbers 
E UiX attached to x- 

(1.4) / xWe^-iW = - 5 r- T E(- 1 )^( a ) eai = E^.x^ (*es). 

• /A a=0 n=0 

So we have the following p-adic integral expression of the generating function for 
the generalized Euler polynomials E n>x (x) attached to x : 



(1.5) 



d-l 



X(^)e (3;+2)t ^_ 1 (z) = ^(-l) a X (a)e at = ]T ^(x)- (t & E, x €. Z p ) 

- r e a=0 n=0 

Also, from (|1.1|) we have: 

(1.6) / eViW~(f£B). 

« e + i 

Let Tk{n, \) denote the fcth alternating generalized power sum of the first n + 1 
nonnegative integers attached to x, namely 

(1.7) 

T fc (n, X ) = ^(-l) a x(«)«" = (-l)°x(0)O fc + (-l) 1 ^!)!" + • • • + (-l) n x(n)n k . 



a=0 



From (|1.4|) . (|1.6|) . and (|1.7|) . one easily derives the following identities: for any odd 
positive integer w, 
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(1.8) 

(1.9) 
(1.10) 



J xX (x)e xt d^- 1 (x) _ e wdt + 
j x e ™**d/i_i(y) 



a=0 



E (-^Xia) 



a=0 

3C 



= Y^T k {wd-l, X )- (t€E). 



k=0 



In what follows, we will always assume that the p-adic integrals of the various 
(twisted) exponential functions on X are defined for t G E (cf. (|1.3[) ). and therefore 
it will not be mentioned. 

[I] j [3 > [S] > El and [TU] are some of the previous works on identities of symmetry 
in two variables involving Bernoulli polynomials and power sums. On the other 
hand, for the first time we were able to produce in [4] some identities of symmetry 
in three variables related to Bernoulli polynomials and power sums and to extend 
in [3] to the case of generalized Bernoulli polynomials and generalized power sums. 
Also, [5] is about identities of symmetry in two variables for Euler polynomials and 
alternating power sums and [5] is about those in three variables for them. 

In this paper, we will be able to produce 8 identities of symmetry in three 
variables regarding generalized Euler polynomials and alternating generalized power 
sums. The case of two variables was treated in [7]. 

The following is stated as Theorem l4.2l and an example of the full six symmetries 
in Wi, w 2 , w 3 . 



k+l+m—n 



k+l+m—n 



E 

-l+m 

- E 

-Z+m 

- E 

fc+Z+m— n 

- E 

fc+Z+m— n 

- E 

fc+Z+m— n 

- E 

k+l+m—n 



I) 

k, I, m 
n 

k, I, m 



k, I, m 



k, I, m 



n 

k, I, m 
n 

k, 1, m 



E k , x (w m )E hx (w 2 y2)T m (wsd - l, x )w[ +m w k 2 +m w k + l 



E k , x (w m )E ltX (w 3 y 2 )T m (w 2 d - l lX )w[ +m w k+m w k+l 



E ka (w 2 yi)E l , x (w 1 y 2 )T m (w 3 d~l, X )w 2 +m w k+m wl +l 
EkxiwivjEixiwmWnfad - 1, xW 2 +m w k+m w k+l 
E k , x {w m )E liX {w 2 y 2 )T m { Wl d - 1, xW 3 +m w k+m w k+l 
E ktX (w 3yi )E ljX { Wl y 2 )T m (w 2 d - l lX )w l + m w k+m w k+l . 



The derivations of identities are based on the p-adic integral expression of the 
generating function for the generalized Euler polynomials in (|1.5[) and the quotient 
of integrals in (1.8)-(1.10) that can be expressed as the exponential generating 
function for the alternating generalized power sums. These abundance of symme- 
tries would not be unearthed if such p-adic integral representations had not been 
available. We indebted this idea to the paper [7]. 
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2. Several types of quotients of p-ADic fermionic integrals 

Here we will introduce several types of quotients of p-adic fermionic integrals 
on X or X 3 from which some interesting identities follow owing to the built-in 
symmetries in w\, W2, W3. In the following, u>i, u>2, W3 are all positive integers 
and all of the explicit expressions of integrals in (|2.2|) . (|2.4|) . (|2.6[) . and (|2.8j> are 
obtained from the identities in (|1.4j) and ()1.6j) . To ease notations, from now on we 
will suppress and denote, for example, d/j,-i(x) simply by dx. 
(a) Type A 23 (for » = 0, 1,2,3) 



(2.1) 



J X 3X(^i)x(^2)x(^3)e (w2W3K1+wlW3X2+M1W2 ^ +M1W2W3(E ?=i !/j)) *da;id2;2d2;3 



V 23^ q-^ gdtunuatua^t^^i 



(2.2) 



23-igJ"iu'2-!i'3(Z; 3 ;l Vj)t r e dw 1 w 2 w 3 t _|_ lyi 

^ e dw 2 W 3 t _|_ ^\(gdWlW3t _|_ ^^gdl«i'!i)2t _(- \\ 

d-1 d-1 d-1 

x (^(-l) a x(a) e Q ^ tU3 *)(^(-l) a X («)e atUltU3t )(^(-l) a x(«)e a, " 1,i ' 2t ). 



a— a— a— 

(b) Type Al 3 (for % = 0, 1, 2, 3) 



(2.3) 

j(Ai 3 ) 



(2.4) 



/ X 3X(^i)x(^2)x(^3)e ( " 1 " 1+W2 " 2+ " 3 " 3+ " 1 " 2 ^ 3(E ?=^ i)) 'rfxi(ix 2( i a ;3 

23-ig-u'iii'2ti'3(Z; 3 IJ yj)t^ e d Wl w 2 w 3 t _|_ ]\j 
(e dwi * + l)(e du,2t + l)(e dw 3* + 1) 

d-1 d-1 d-1 

x(E(- 1 ) Q ^(«) ea, " lt )(E(- 1 )^( a ) ea, " 2t )(E(- 1 )^( a ) ea, " 3t )- 



a=0 a=0 

(c-0) Type A° 2 



(2.5) 

J(A? 2 ) = / x^x^)^^" 1 * 1 ^ 2 ^™ 3 ^ 
Jx 3 



(2.6) 



g e (w2W3+WiW 3 +W 1 W 2 )yt 

( e dwit + l)( e dw 2 t + l)( e d» 3 t _|_ J") 

d-1 d-1 d-1 

x(E(- 1 ) a ^(«) ea, " lt )(E(- 1 )^( a ) eau ' 2t )(E(- 1 )^( a ) ea, " 3t )- 



a— a— a— 

(c-l) Type AJ 2 



x {x 1 ) X {x2)x{xM WlXl+W2X2+W3X3)t dx 1 dx 2 dx3 

{Z.I) I ( A 12J — ~ 



fx 3 e d ( W2W3Zl+WlW3Z2+WlW2Za } t dziZ2Z3 
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^ e dw 2 w 3 t _j_ jWgdtUitM _|_ ^\( e dwiw 2 t _|_ ]\ 

(e*"i* + l)(e dw ^ + l)(e dw ^ + 1) 
(2-8) d_i d_i d-i 

x £(-l)» X (a)e»»")£(4)» X ( fl )r 2 ')£(-l)»x(a)e» st ). 

a— a— a— 

All of the above p-adic integrals of various types are invariant under all permu- 
tations of w\ , W2 , W3 , as one can see either from p-adic integral representations in 
([2~Tj) . (f2~3]) . (f23|) . and (|2~7f or from their explicit evaluations in (|2T2|) . (f!T4|) . f[2~6|) . 
and (|2~8|) . 

3. Identities for generalized Euler polynomials 

In the following, w\, w 2l w 3 are all odd positive integers except for (a-0) and 
(c-0), where they are any positive integers. First, let's consider Type A 23 , for each 
i = 0,1,2,3. The following results can be easily obtained from (|1.5[) and (1.8)- 
(1.10). 
(a-0) 



J(ASa) 



Xix^e^^+^^dx! / x(x2)e WlW3{x2+W2V2)t dx 2 
Jx 

X / x(x3)e wlW2{x3+W3V3)t dx 3 
Jx 



(3.1) fc=o 1=0 

E m , x (w 3 y 3 ) , 



X 

m=0 

n 



= 5Z( E Lj )^x( tt il&)^x(^Sfe)^.x( w 3lte) 

n=0 fc+i+m=n ^ ' ' ' 

t 



where the inner sum is over all nonnegative integers k, I, m with k + l + m = n,and 

(3.2) ( U )= 

\k,l,mj k\l\m). 

(a-1) Here we write I{h\ 3 ) in two different ways: 

(1) I{k\ 3 ) = f xi^e^^+^^dx! [ x{x 2 )e WlW3i ~ X2+W2V2)t dx2 
Jx Jx 

j x x(x 3 )e^ W2X3t dx 3 

X 



(3 ' 3) = (E^, x K yi )^^)(E^K y2 )^^) 

fe=0 ' 1=0 

x (T m (w 3 d-l,x) j ) 

m! 



(i 
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(3.4) n=0 k+l+m=n 



E( E ( k ^ m ) E k,x(wm)Ei, x (w 2 y 2 ) 



x T m (w 3 d-l,x)w l 1 +m wl +m wl +l )- i 
(2) Invoking (1.9), (|3.3p can also be written as 



w 3 d— 1 . 

V (-l) a x(a) / x{xi)e W2W3[xi+WlVl)t dx 1 

a=0 Jx 



x / X (x2)e WlW3{x2+W2V2+ ^ a)t dx 2 
x 



w 3 d—l co , s k 

= E (-irxCajcE^x^yx)^-) 

(3.5) a=0 fe=0 



X 



x (>> E i,x( w 2V2 + — a > n 



OO n / \ ^3^—1 

n=0 fe=0 ^ ' a=0 



x E n - k x (w 2 y2 + — a)w% k w^) — 
W3 n\ 



(a-2) Here we write /(A23) in three different ways: 
(1) I(Ais) 



X ( a;i )e^3(x 1+Iui3/I ) td:c x JxXl^e «X2 

(3 g) J x e dl " 1, " 2, "3^4t c ; X4 

k=0 ' 1=0 



00 



x(^T mW -l,x)^f-) 

m=0 



= E( E [ M J^MT l M-i,x) 

(3.7) "=° fc+i+m=n 



+1 

xr ra («, 3 M, x K% 2 % w ) 

(2) Invoking (1.9), (|3.6j) can also be written as 
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wid— 1 



(3.8) 



E"\-l) a x(a)(E^,x(-m + ^a)^L) 

a=0 /c=0 



W2 k\ 



(E^Kd-1,%)- 

i=0 



oc n / \ w 2d— 1 

= EKEU) E (-l) a x(a)^, x Kyi + ^«) 
(3.9) n=o fc=o W a=o W2 



xT n _ k (w 3 d-l,x}w^- k w^) 
(3) Invoking (1.9) once again, (|3.8|) can be written as 



J(Al 3 ) 



w 2 d— 1 ui 3 d-l 

E ("l) a x(«) E (-!) b xW / 

n I n 



e 'ii) 2 w 3 {xi + w i Vl + Sjr a+ b )* c ^ ;Cl 



a=0 6=0 

W2d—1 W3d—1 OO / 



E (-l) a x(a) E (-l) b xWE^xKyi + - 1 «+- 1 &)- 



6=0 n=0 J 



00 W-2d— 1 U'3d— 1 n 

(3.10) =E((™)" E E (-l) a+b x(^)^n, x K2/i + —a + —&))-. 

(a-3) 

J(A| 8 ) 

J x X{xi)e W2W ^ t dx 1 J xX (x2)e WlW3X2t dx 2 J x x(x 3 )e WlW2X3t dx 3 

f gdwiW2W 3 X4t^j.^ r e dwiW2W 3 X4t^ x ^ P gdw 1 W2W 3 X l t^j. / ^ 

= (ET fe K d -l, X )l^)(ETK^-l J x)^^) 

z — ' m! 

m=0 

= E( E [ k ^ m ] T k{w 1 d-'l,x)Ti{w2d~l,x)T m {'w 3 d-l,x) 

(3.11) "=0 fe+/+m=n ^ ' ' m ' 

xn 

x w[ +m w k 2 +m w 1 l +l )-. 
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(b) For Type A^ 3 (i=0,l,2,3), we may consider the analogous things to the ones 
in (a-0), (a-1), (a-2), and (a-3). However, these do not lead us to new identities. 
Indeed, if we substitute W2W3, W1W3, w\W2 respectively for w\, W2, W3 in (|2.1I) . 
this amounts to replacing t by w\W2W^t in (|2.3|) . So, upon replacing w\, W2, W3 
respectively by W2W3, W1W3, W1W2 and dividing by (i/ji 102^3)™, in each of the 
expressions of ([37T]> . (|3~4|) . (pTS]) . (pTTj) . (|3J|) - (|3~TT|) . we will get the corresponding 
symmetric identities for Type A\ 3 (i = 0, 1, 2, 3). 
(c-0) 

*(A? 2 ) 

x Jx 



x / x(a;3)e"' 3(:E3+ ' u ' 1 ' y)t d2;, 



3 



A" 



fc=0 i=0 rn=0 



(3.12) =£( E )^fc, X (^»)^,x(«'3l/)^m,x(«'lW)«'M<)^ 



n=0 fc+Z+m=n 



(ol) 



I(A{ 2 



! xX {xi)e w ^ t dx l J xX (x2)e w ^ t dx2 J x X ^ 3 )e W3X3t dx 3 

X 7\ : ; — ■ X 



J x e dw ^ z ^dz 3 f x e dW2W 3 zlt dzi J x e dwawlZ2t dz 2 
= (±TU W2 d-l, X )^)(±T l{w3 d-l, X )^) 

k—0 ' 1=0 

oo 



m=0 



ml 



-zJ( E , , m )T k {w2d-l,x)Ti{w3d-l,x) 

(3.13) "=0 k+l+m=n ' 7 J 

t n 

x T m {w 1 d-l,x)w k 1 W2wl n ) — 

n\ 

4. Main theorems 

As we noted earlier in the last paragraph of Section 2, the various types of 
quotients of p-adic fermionic integrals are invariant under any permutation of w\ , 
W2-, W3. So the corresponding expressions in Section 3 are also invariant under any 
permutation of w\ , W2 , W3 . Thus our results about identities of symmetry will be 
immediate consequences of this observation. 

However, not all permutations of an expression in Section 3 yield distinct ones. 
In fact, as these expressions arc obtained by permuting w\, W2, W3 in a single one 
labeled by them, they can be viewed as a group in a natural manner and hence 
it is isomorphic to a quotient of S3. In particular, the number of possible distinct 
expressions are 1, 2, 3, or 6 (a-0), (a-l(l)), (a-l(2)), and (a-2(2)) give the full six 
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identities of symmetry, (a-2(l)) and (a-2(3)) yield three identities of symmetry, and 
(c-0) and (c-1) give two identities of symmetry, while the expression in (a-3) yields 
no identities of symmetry. 

Here we will just consider the cases of Theorems 14.41 and 14.81 leaving the others 
as easy exercises for the reader. As for the case of Theorem 14.41 in addition to 
(4.11)-(4.13), we get the following three ones: 



(4.1) 

k+l+m=n ^ ' ' ' 

(4.2) 

= E L " m )^ > x(^2j/i)T i (^id-l,x)T TO ( W3 rf-l ) x)^ +m ^ +m ^ +i , 

k-\-l-\-m— n 

(4.3) 



E ( fc i m ) E k,x^m)Ti(w 2 d- l, x )T m ( Wl d- i lX )w l + m w k 2 +m w k ;- 

k-\-l-\-m— n 



But, by interchanging I and m, we see that (4.1), (4.2), and (4.3) are respectively 
equal to (4.11), (4.12), and (4.13). As to Theorem Ol in addition to (4.17) and 
(4.18), we have: 



( 4 - 4 ) E ( k ™ m )Tk(w 2 d-l,xW(w 3 d-l,x)T m (w 1 d-l, X )wMw?, 



k-\-l-\-m—n 

n 



K k,l,m 

k-\-l-\-m—n 



( 4 - 5 ) = E U 7 ) T k(wsd-l,x)Ti(w 1 d-l,x)T m (w 2 d-l,x)wlw l 3 wT 



( 4 ' 6 ) = E [ h r m )T k (w s d-l,x)Ti(w2d-l, X )T m (w 1 d-l,x)w^w l 3 w 2 n , 

k-\-l-\-m— n 



k-\-l-\-m— n 



(4.7) = E [ k ^ m jTk(w2d-l,x)Ti(w 1 d-l, X )T m (w 3 d-l,x)wlw 2 w 1 



However, (4.4) and (4.5) are equal to (4.17), as we can see by applying the per- 
mutations k —¥ I, I — > m. m — > k for (4.4) and k — > m, I — > fc, to — > Z for (4.5). 
Similarly, we see that (4.6) and (4.7) are equal to (4.18), by applying permutations 
k —> I, I —> m, m — > k for (4.6) and k — > to, I — s- k, to — > I for (4.7). 
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Theorem 4.1. Let w\, w 2 , w 3 be any positive integers. Then we have: 



(4.8) 



E 

= E 
E 

-l+m 

= E 

fc+/+m— n 

: E 

k-\-l-\-m—n 

^ E 



fe+2+m= n 



k+l+m—n 



k+l+m—n 



n 

k, I, m 
n 

k,l,m 
n 

fc, I, m 
n 

fc, I, m 
n 

k, I, m 
n 

k, I, m 



E Kx (w 1 y 1 )E la (w 2 y 2 )E m , x (w 3 y 3 )w[ +m w* +m w k 3 +l 



E k ^(w 1 y 1 )E l , x (w 3 y 2 )E m ^(w 2 y 3 )w l + m w k 3 +m w k 2 + l 



E k , x (w 2 yi)E l , x (w 1 y 2 )E m)X (w 3 y 3 )w 2 +m w k 1 +m w k 3 +l 



^, x (w 2 yi)^, x (^3y 2 )i? m , x ( W iy 3 )^ +m u;3 fe+ " l W ^' 

£; fc , x ( W3 yi)^, x (^iy2)i? m , x (^2y3)4 +m w? +m w2 + ' 

J B fc , x ( W3 yi)^, x (w22;2)S miX (u. 1 y3)w3 + " l ^2 +m ^^ + '- 



fc+Z+m— n 

Theorem 4.2. Lei w±, W2, w% be any odd positive integers. Then we have: 

\E Kx {w lVl )E Lx {w 2 y 2 )T m {w 3 d ~ 1, X )w[ +m w k+m w k+l 



E 

k+l+m—n 



II 

k, I, m 



(4.9) 



E 

-l-\-m- 

E 

-l-\-m- 

E 

-Z+m- 

E 

fc+Z+m— n 

E 

k+l+m—n 



k+l+m—n 



k+l+m—n 



k+l+m—n 



II 

k, I, m 

n 

k, I, m 
n 

fc, I, m 



k, I, m 



n 

k, I, m 



E k , x (w m )E l>x (w m )T m (w 2 d - l,x)w l 1 +m w k+m w k+l 



E k>x (w m )E ltX (w iy2 )T m (w 3 d - l,xW 2 +m w k+m W k+l 



l-\-m k-\-m k-\-l 



E k , x {w 2 y 1 )Ei iX {w 3 y 2 )T m {wid - 1, x)w 2 w 



E k ^ x (w 3 y 1 )EL X (w 2 y 2 )T m (w 1 d-l,x)w l 3 +m w k+m w k+l 
E Kx (w 3yi )E Lx (w iy2 )T m (w 2 d~l lX )w l 3 +m w k+m w k+l . 



Theorem 4.3. Let w\, W2, W3 be any odd positive integers. Then we have: 

n / \ w\d— 1 

<E J^xNi) E (~l) a x(a)E n - k , x (w 2 y 2 + ^ a)i 



k=0 



n 



W2 „ \„,.n-fc„„fc 



(4.10) 



a=0 
w\d—l 



w 3 



=<E L P^Ni) E (-l) a x(a)^- fe , x (^3y2 + —a)i 

k=0 ^ ' a=0 

W2d—1 



-k„,.k 



- Wo 



-Wo 



fe=0 



E [ k ) E k,x( W 3yi) E (- 1 ) a X( a )- B "-fc,x( U; lJ/2 + —a) 



W l \-..n-fc„..fc 



a=0 

1^2^—1 



»'2 



fc=0 ^ " ' a=0 2 
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w^d—l 



a=0 
w^d— 1 



fc=o ^ ' a=o W3 



Theorem 4.4. Let w\, W2, W3 be any odd positive integers. Then we have the 
following three symmetries in w\, W2, W3 : 



(4.11) 



k-\-l-\-m— n 

(4.12) 



E ( k ) Ek^wmWfad - l,x)T m (w 3 d - 1, xK +m ^' +m ^' + ' 



fc+Z+m— n 

(4.13) 



E ( u W )E k , x { W 2yi)T l {w z d~\ lX )T m {w 1 d-\,x)w l 2 +m wt +m w 1 l +l 



k-\-l-\-m—n 



Theorem 4.5. Lei w\, W2, W3 be any odd positive integers. Then we have: 



=10-1 



(4.14) 



t) E 
"E© E 

fe=0 V 7 a=0 
n / \ W2d—1 

e(;) e 

fc=0 V 7 a=0 
n / \ w^d—l 

=»?E I E 

n / \ if^cZ— 1 

=»se : e 



fc=0 



E E 

fc=0 V ' a=0 



a=0 

1^3^—1 



-l) a X (a)E k , x (w 2 yi + —a)T n ^ k {w 3 d-l, X )w^- k wl 



n—k n ,,k 



-l) a X (a)E k . x (w 3yi + -^-a)T n _ k {w 2 d-l,x)w%- k wl 



-l) a x(a)E k . x (w iyi + — a)T n _ k (w 3 d- l.^iflj fc w| 
w 2 



Wi 



-l) a X (a)E k . x (w iyi + -^ a )T n _ k (w 2 d- l,x)v)?-*w$ 

U>3 



-l) Q x(a)-Bfe.xKyi + — a)T„_ fe ( Wl d- lj^^f. 
w 3 



12 
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Theorem 4.6. Let w\, u>2, W3 be any odd positive integers. Then we have the 
following three symmetries in w\, W2, W3 : 

wid—l W2d—1 

(w lW2 r V V (-ir +b X (ab)E niX (w 3yi + ^a+ ^b) 



a=0 h=0 
W2d—1 w^d—l 



(4.15) =(w2W 3 ) n V J2 (-ir +b X (ab)E n , x (w iyi + ^a+^b) 

w^d— 1 wi d— 1 

=(TO)" E E (-l) a+ "x(a6)i?„, x ( W 2?/i + — a + ^b). 

Theorem 4.7. Letw\, W2, W3 be any positive integers. Then we have the following 
two symmetries in w\, u>2 , W3 : 

(4.16) k+l+m=n V, 

= E ( 1. 7 m ) E ^x( W iy) E l,x( w 3y)E m , x (W2y)w^W l 1 W 3 n . 



k-\-l+rn—n 



Theorem 4.8. Let w\, W2, W3 be any odd positive integers. Then we have the 
following two symmetries in w\, W2, W3: 

(4.17) E L 1 i)T k (w 1 d-l,x)T l (w2d-l,x)T m (w3d~l, X )w k 3W l 1 W2 n 



k-\-l-\-m— n 

71 



( 4 - 18 ) E ( k 1 )T k (w 1 d-i,x)T l (w 3 d-i,x)T m (w2d-i,x)wWi<- 

k+l+m=n \ ' ' ' 
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